
Algebra Qualifying Exam
August, 2012

Please answer all 10 problems and show your work. Each problem is worth 20 points. In your proofs, you may
use any theorem from the syllabus for Algebra, except of course you may not use the fact you are trying to prove,
or a mere variant of it. State clearly what theorems you use. Good luck.

1. LetG be a group of orderpqr, wherep < q < r are distinct primes. Prove that a Sylowr-subgroup
of G is normal inG.

2. Describe the irreducible representations of the dihedral group of order 12, and give their dimensions.

3. Find the Jordan canonical form of the matrix

A =





−1 −5 2
0 1 0
−2 −5 3



 .

4. Find representative matrices for the conjugacy-classes ofelements of order six inGL3(Q).

5. Let F be a finite field of cardinalityq and letV be a four-dimensional vector space overF . The
groupGL(V ) ≃ GL4(F ) acts onV . LetU be a two-dimensional subspace ofV . Compute the order of
the subgroup{g ∈ GL(V ) : gU = U} and determine the number of two-dimensional subspaces ofV .

6. Let R be a commutative ring with identity andI, J two ideals inR. Prove that

TorR
1
(R/I,R/J) ≃ (I ∩ J)/IJ.

7. Let R = F [x] andS = K[x] be polynomial rings over fieldsF andK, whereF is a subfield of
K. SupposeM andN are finitely generatedR-modules such thatS ⊗R M ≃ S ⊗R N , asS-modules.
Prove thatM ≃ N asR-modules.
[Hint: Every proper ideal inR or S is generated by a monic polynomial.]

8. Consider the following situation:E/F is a Galois degree 3 extension of fields andK/F is a NON-
Galois degree 4 extension of fields and the compositumKE is Galois overF . Either prove that such a
situtation is impossible, or give an example of suchF,E,K and prove that your example works.

9. LetR be a noetherian commutative ring with identity andE a finitely generatedR-module. LetM
be one of the maximal ideals ofR and suppose thatF is a submodule ofE such thatMEM+FM = EM .
Prove that there existsx /∈ M such thatxE ⊂ F .

10. Let S be an integral domain,G a finite group acting onS by ring automorphisms andR = SG,
the ring of invariants.

(a) Prove thatS is integral overR.

(b) Let k be a field and suppose thatS is a finitely generatedk-algebra, and thatG acts onS via
k-algebra automorphisms. Prove thatS is a finitely generatedR-module.
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